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Abstract
In this paper, we investigate cosmological consequences of a scenario for
recently reported accelerated expansion of the Universe, in which the gen-
eralized Chaplygin gas (GCG) along with the baryonic matter are re-
sponsible for this observed phenomenon. In the present model, we em-
ploy an isotropic and homogeneous FLRW space time in the framework of
f(R, T ) theory of gravity. In f(R, T ) gravity, the conservation of energy-
momentum tensor (EMT) leads to a constraint equation which enforces
us to use some specific forms of type f(R, T ) = g(R)+h(T ). In this work
we choose g(R) = R. We consider three classes of Chaplygin gas mod-
els which include three different forms of f(R, T ) function; those models
which employ the standard Chaplygin gas (SCG), models which use GCG
in the high pressure regimes and finally, the third case is devoted to in-
vestigating high density regimes in the presence of GCG. The effective
equation of state (EoS) and the deceleration parameter for these Chaply-
gin gas models are calculated and it is indicated that the related present
values can be observationally acceptable in f(R, T ) gravity. Among the
models we shall present, type two models has a better situation; the pre-
dictions of these models are more consistent with the observational data.
We also examine these models via the statefinder diagnostic tool. The
statefinder parameters s and r are obtained for these three scenarios and
various trajectories are plotted for different values of the model parame-
ters. The involved parameters are, K and α which appear in the GCG
density and the parameters m and n which are related to the integral
constants which are appeared in the process of obtaining h(T ). The dis-
crimination between different dark energy models is considered by varying
the mentioned parameters for these three types of models. Since positive
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values for m and n’s would lead to some divergences, we will take negative
values. It is discussed that the consistent values for the effective EoS for
all allowed values of K, can only be obtained in the high pressure regimes.
We show that the distance of these models (which is defined as the differ-
ence between the predicted present values of the statefinder parameters
of a model and the corresponding ones for ΛCDM model), varies for dif-
ferent choices of the model parameters. However, the distance does not
depend on the values of α for models of type three. Finally, we test these
Chaplygin gas models using recent Hubble parameter as well as type Ia
supernova data. We find that these models are compatible with type Ia
supernova data. Particularly, we plot the modulus distance, the Hubble
parameter and the effective EoS parameter for the best fit values of the
model(s) parameters. Also, we compare the predicted present values of
the statefinder parameters to the observational data.
1 Introduction
Currently, observational experiments show that the Universe is undergoing an
accelerated expansion [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. The most accepted agree-
ment is that there is two components which play a serious and important role
in the formation and evolution of the Universe; the so called “dark matter"
(DM), which is responsible for the structure formation and clustering of the
galaxies [12, 13, 14, 15, 16, 17, 18, 19] and the “dark energy" (DE) which makes
a negative pressure and thus gives rise to the accelerated expansion of the Uni-
verse [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]. The former has a contribution
of about 26% of the total matter density, the latter forms about 69% of it and
the rest is related to the baryonic (visible) matter [32, 33]. There are two gen-
eral approaches which can be used to face the problems associated to DE and
DM. The first one deals with introducing some matter field(s) that affect the
dynamical evolution of the universe and thereby these observed phenomena may
be explained. In the second approach one can alter the geometrical sector of
GR to obtain some theoretical results corresponding to the observational ones.
In order to apply the former, numerous scenarios have been proposed so far.
The cosmological constant can be accounted for as the most successful and im-
portant candidate for DE which has a constant EoS parameter. The GR theory
comprised by the cosmological constant and DM is called the concordance or the
ΛCDMmodel [34]. In spite of high consistency of ΛCDMmodel with the present
observations, it suffers from an important problem; the theoretical value of the
DE density is not compatible with the observationally accepted one. Indeed,
their values differ about 120 orders of magnitude. This problem is called “the cos-
mological constant problem" [35, 36, 37, 38, 39, 40, 41, 42]. The other proposals
for the accelerated expansion of the Universe are the dynamical DE models with
time-varying EoS e.g., quintessence and phantom models [43, 44, 45, 46, 47, 48].
However, these models may also include other problems, e.g., the “fine tuning"
which is a major issue, by which the quintessence models are afflicted. Another
candidate for DE (which is the main subject of our study) is the Chaplygin gas
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(CG) model introduced as to explain the DE phenomenon [49, 50]. Following a
perfect fluid, the EoS for this matter is, p = −K/ρ where K is a constant (this
case is called the standard Chaplygin gas (SCG)). It has been shown that the
Chaplygin cosmology can be interpreted as a transition from a DM dominated
universe to an accelerated expansion universe including an intermediate phase
with “stiff fluid" (which corresponds to a fluid with p = ρ) domination [51].
Although, the SCG model can lead to a transition from a decelerated to accel-
erated expansion, it cannot explain the structure formation and it is encountered
some problems with the cosmological power spectrum [53, 54]. Consequently,
the EoS of the SCG model has been generalized as p = −K/ρ−α, to confront
the mentioned issues. Note that, the general CG model (GCG) gives rise to an
intermediate epoch with the EoS p = αρ [50]. The GCG model has been used
in different areas such as, the DE problem [55, 56], Matter power spectrum [57]
and wormholes [58, 59, 60].
The geometrical manipulation of GR is the other approach with the aim of
solving some problems such as DE and DM. In the past decades, higher order
gravity, specially f(R) gravity has been introduced by replacing the Ricci scalar
in the Einstein-Hilbert action with some scalar invariants. This model has drawn
a remarkable attention among the other models and theories. In f(R) theory of
gravity, one simply replaces the Ricci curvature scalar with a function of it. This
theory has had successes and failures in different aspects [61, 62, 63, 64, 65, 66,
67, 68, 69, 70]. As an idea toward the development of f(R) gravity, some authors
assume that the matter Lagrangian is non-minimally coupled to the geometrical
sector of the action [71, 72, 73, 74, 75]. In Ref. [76] a more complete form of these
type of models entitled as f(R,Lm) gravity is proposed. Another suggestion to
couple the matter sector to the geometrical one is to employ the trace of EMT.
This model was presented by authors of Ref. [77], and various features of this
model have been reported in [78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91].
In the present work we use both approach, namely, we work on a model
in which GCG and the baryonic matter are considered as the whole matter
in f(R, T ) gravity as the background geometric law. Simultaneously use of
both approach have been already employed in the literature to describe the
early or late time phenomena in cosmology [101, 102]. Since f(R, T ) gravity
introduces a new approach to involve the interactions of matter effects with
spacetime curvature, it is well-motivated to consider cosmological consequences
of different types of matter in the framework of this theory. The GCG in the
background of GR involved some issues e.g., the standard case, namely SCG
has ruled out by the most observational data or in some works it is reported
that only specific subclasses of solutions would pass the observational tests (i.e.,
those with α ∼ 0) [95, 96, 97, 98, 99, 100]. Authors of Ref. [103] have shown
that CG produces oscillations or exponential blowup of the power spectrum
of dark matter which is not consistent with observations. Particularly, they
have reported that 99.999% of GCG parameter space which previously has been
allowed, would be excluded. However, in Ref. [104] it has been discussed that
considering the joint effect of shear and rotation can overcome this instability.
In this regard, the study of Chaplygin gas in other frameworks such as f(R, T )
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gravity, in search of a viable dark energy model may leads to more desirable
results. Cosmological considerations of every theory of gravity are based on
the investigation of the behavior of the Hubble and the deceleration parameters
which are defined as the first and second order of time derivatives of the scale
factor i.e., H = a˙/a, q = a¨/(aH2). The former determines the expansion of the
Universe and the latter indicates the acceleration/deceleration behavior. The
DE models are constructed so as to match them with the observations. For this
reason, the most consistent DE models give the same present values of H and
q. Therefore, there is some type of degeneracy in the present values, H0 and q0.
To deal with this issue, various strategies have been proposed. The statefinder
diagnosis is an efficient tool to discriminate different DE models. The authors
of Ref. [105] introduced new cosmological parameters constructed out of the
third order of time derivative of the scale factor which are called “statefinder
parameters" and are denoted by the pair (s ≡ (r− 1)/3(q− 1/2), r ≡ a¨/(aH3)).
Since, this tool use the different orders of the time derivative of the scale factor,
it is a geometrical diagnosis. This method can distinguish between DE models
that have the same values of H0 and q0, in a higher level. Note that this
method can be extended to the models with higher degrees of degeneracy. In
the statefinder diagnostic tool, the DE models indicated by the (s, r) plane
trajectories and in this way one could consider the behavior of different DE
models and thus discriminate them. We have mentioned that the ΛCDM model
is still good fitted to the observation and therefore the suggested DE models
should not be so far from this model. To understand this fact, the difference
between the predicted present values s0 and r0 of models and the corresponding
values of ΛCDM model (s
(ΛCDM)
0 , r
(ΛCDM)
0 ) is a criteria for distinction of the
DE models (this difference is called “distance of model").
Up to now, different DE models are diagnosed which are mainly of scalar
field type models, such as ΛCDM and quintessence DE models which have been
considered in [105, 106] and are accounted for as the first research works that
introduced the statefinder diagnostic tool, the interacting quintessence mod-
els [107, 108], the holographic DE models [109, 110], the holographic DE model
in a non-flat universe [111], the phantom model [112], the tachyon model [113],
the GCG model [114] and the interacting new agegraphic DE model in a flat
and a non-flat universe [115, 116].
We plan our investigations as follows: in Sec. 2, we start with presenting
the action of f(R, T ) gravity and obtain the related field equations and a con-
straint that must be satisfied by the function f(R, T ) in order to guarantee
the conservation of EMT. We devote the rest of this section to present the
procedure of obtaining the function f(R, T ). For some reasons we presume a
linear combination of the matter and curvature sectors of the Lagrangian, i.e.,
f(R, T ) = R+ h(T ). This choice facilitates the procedure of obtaining f(R, T )
function using the EMT conservation and makes us capable of getting exact
solutions. Minimal couplings respect the EMT conservation and for these type
of models all equations and solutions can be easily reduced to GR. These mod-
els can be seen as a modification to GR. Also, the models including minimal
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couplings respect the equivalence principle, in spite of non-minimal ones which
show some violation, in this respect [117, 118]. We get three classes of f(R, T )
function. Class I for the SCG model, class II for the GCG model in high pressure
situations and class III for the GCG model in high density regimes. In Sec. 3 we
introduce the statefinder parameters and obtain them for these three models.
Moreover, we bring forward some cosmological parameters that are helpful for
the rest of our study. In Sec. 4, we present adequate numerical plots to show
and discuss the cosmological consequences of these three models. Sec. 5 has
been devoted to testing models I, II and III using the recent observational data
via the chi-square technique and finally, in Sec. 6 we summerize our results.
2 Field equations of f(R, T ) gravity and the con-
servation of EMT
In this section we present the field equation of f(R, T ) theory of gravity and
also discuss the conservation of EMT when two pressureless baryonic matter
and GCG1 are taken into account. By including the two forms of matters, the
action of f(R, T ) theory of gravity can be written as
S =
∫ √−gd4x [ 1
16piG
f
(
R, T (b, G)
)
+ L(total)
]
, (1)
where we have defined the Lagrangian of the total matter as
L(total) ≡ L(b) + L(G). (2)
In the above equations R, T (b, G) ≡ gµνT (b, G)µν , L(b, G) are the Ricci curvature
scalar, the trace of EMT of the baryonic matter and GCG (which we get these
fluids as the total matter content of the Universe) and the Lagrangian of the
total matter, respectively. The superscripts b and G stand for the baryonic
matter and GCG, g is the determinant of the metric and we set c = 1. The
EMT T
(b, G)
µν is defined as the Euler-Lagrange expression of the Lagrangian of
the total matter, i.e.,
T (b, G)µν ≡ −
2√−g
δ
[√−g(L(b) + L(G))]
δgµν
. (3)
Instead of obtaining the field equations for the action (1), it is sufficient
to obtain the corresponding field equations of f(R, T ) gravity for general trace
T and the matter Lagrangian L(m), and then solve them using the related
quantities of the two forms of matters; namely, the baryonic matter and GCG.
1As we shall discus, GCG has a dual feature in the past and future. It behaves like the
cold dark matter (CDM) in the early times and DE in the late times. Thus, we use GCG as
it plays the role of dark sector of the Universe.
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If in the action (1), the trace T (b, G) and L(total) are replaced by trace T and
L(m), respectively, the field equations for f(R, T ) gravity can be obtained as [77]
F (R, T )Rµν − 1
2
f(R, T )gµν +
(
gµν− ▽µ▽ν
)
F (R, T ) =
(
8piG−F(R, T )
)
Tµν −F(R, T )Θµν ,
(4)
where
Θµν ≡ gαβ δTαβ
δgµν
and Tµν ≡ − 2√−g
δ
(√−gL(m))
δgµν
, (5)
and, for the sake of convenience, we have defined the following functions for the
derivatives with respect to the trace T and the Ricci curvature scalar R
F(R, T ) ≡ ∂f(R, T )
∂T
and F (R, T ) ≡ ∂f(R, T )
∂R
. (6)
Assuming a perfect fluid and a spatially flat Friedmann–Lemaître–Robertson–
Walker (FLRW) metric
ds2 = −dt2 + a2(t)
(
dx2 + dy2 + dz2
)
, (7)
together with using equation (4), the generalized Friedmann equation for a
perfect fluid with non-zero pressure is achieved as
3H2F (R, T ) +
1
2
(
f(R, T )− F (R, T )R
)
+ 3F˙ (R, T )H =
(
8piG+ F(R, T )
)
ρ+ F(R, T )p.
(8)
Applying the Bianchi identity to the field equation (4) leads to the following
constraint for multi perfect fluids
N∑
i=1
F˙i(R, T )(ρi + pi)− 1
2
Fi(R, T )(p˙i − ρ˙i) = 0, (9)
where N is the number of included perfect fluids. Constraint (9) for a pressure-
less matter reduces to2
F˙(R, T ) = 3
2
H(t)F(R, T ). (10)
Equations (9) and (10) are two constraints that restrict the form of the La-
grangian density f(R, T (b, G)) in our case. These constraints guarantee the
conservation of EMT which is imposed by the Bianchi identity3. Therefore, to
obtain the Hubble parameter from equation (8), we need to find the function
f(R, T (b, G)) that satisfy these constraints.
Generally, function f(R, T (b, G)) can take an arbitrary form in equations (8)
and (9). As a matter of fact, viable models of f(R, T ) gravity can be classified
in the following manner [77]
2For more details see Refs. [83, 84].
3Briefly, one can recast the field equations in a canonical form similar to GR. In this case,
all the other terms can be realized as the matter terms, e.g. see Refs. [83, 84].
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• The f(R, T ) = R + h(T ) models which have been mostly considered in
the literature. We can enumerate some motivations to propose these type
of models; (i) equations of motion and the related calculations are more
tractable in the framework of these models as compared to the other ones,
such that one can always simply obtain the GR results by switching off the
function h(T ). From mathematical point of view, in each theory modest
field equations can result in exact solutions without resorting to numerical
methods. (ii) these models can be seen as a trivial modification to GR
which depends on the matter content (regardless of the simplest possibility,
i.e., adding a cosmological constant). In this regard, a simple correction
may lead to some plausible results comparing with the other type of correc-
tions. These models may also connect to other theories, for example, those
in which the cosmological constant clearly depends on the trace of EMT
which is called “Λ(T ) gravity" in the literature [120, 121, 122]. (iii) since
any theory of modified gravity must be reduced to the Einstein-Hilbert ac-
tion at low curvature regimes, for more complicated f(R, T ) functions, GR
may not be recovered. (iv) these models are well-defined for cosmological
fluids with T = 0, like radiation (as we will see the third type of models
may show some inconsistencies). (v) the EMT conservation tells us that
for a linear combination of curvature and matter sectors we can determine
the form of h(T ) function up to some integration constants. However, for
complicated forms, this option may not be accessible. Particularly, in our
work the EMT conservation leads to an intricate function for the stan-
dard Chaplygin gas, see expression (29). Therefore a reasonable choice
is to consider the contribution due to the trace of EMT into Lagrangian
density, linearly. Such a setting makes calculations rough enough to take
the Ricci scalar instead of an arbitrary function of it, as the geometrical
part of the action.
• Models with arbitrary forms for the Ricci scalar but minimal coupling to
the EMT trace: f(R, T ) = g(R)+h(T ). These cases can be accounted for
corrections on f(R) gravity which may cure possible deficiencies of these
theories. As some of the above motivations are still mentionable for these
class of models, the complexities involved in the g(R) function may lead
to some problems such as finding exact solutions. In the present work,
the benefit of choosing the simple form g(R) = R is to obtain the Hubble
parameter in terms of the matter terms, in a straightforward way. We
note that the exact form of the Hubble parameter is needed in order to
calculate the statefinder parameters, see e.g., equation (13). It is obvious
that from equation (8), for cases in which F (R, T ) 6= constant the Hubble
parameter may not be obtained exactly.
• The models with f(R, T ) = g1(R) + h(T )g2(R). The field equations for
these type of models can be so complicated due to non-minimal coupling
term. These categories suffer from an important problem. Since for an
ultra relativistic fluid the trace of EMT is vanished, the models with non-
minimal coupling between the geometrical and matter sectors in the La-
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grangian can become singular. Optimistically, these cases reduce to f(R)
gravity similar to the cases discussed in the above items. For instance, the
actions with a pure non-minimal term (i.e., g1(R) = 0) can become either
singular (eg., h(T ) ∝ Log(T )) or null, since the trace of ultra relativistic
matter is vanished. Another issue is that, the excellent information about
the function h(T ) which can be extracted from the models with linear com-
binations may be lost even for simple forms of h(T )g2(R). As a result,
equation (10) turns into a completely complicated expression in terms of
second time derivative of the Hubble parameter once non-minimal cou-
plings are allowed. This in turn leaves us without any reasonable outcome
for h(T ) function. The major concern of theories including non-minimal
couplings in the Lagrangian is that they could lead to the violation of the
equivalence principle [123].
Motivated by the above discussion, we consider a function of the following
form
f
(
R, T (b, G)
)
= R+ h1
(
T (b)
)
+ h2
(
T (G)
)
. (11)
Using definitions (6) and the ansatz (11) we get
F1
(
R, T (b, G)
)
=
∂f
(
R, T (b, G)
)
∂T (b)
= h′1
(
T (b)
)
,
F2
(
R, T (b, G)
)
=
∂f
(
R, T (b, G)
)
∂T (G)
= h′2
(
T (G)
)
,
F
(
R, T (b, G)
)
=
∂f
(
R, T (b, G)
)
∂R
= 1, (12)
where the prime denotes a derivative with respect to the argument. Applying
the derivatives (12) to equation (8) leaves us with the following relation
3H2 =
2∑
i=1
(
8piGρi + Fi(ρi + pi)− 1
2
hi
)
, (13)
where the summation should be done over all terms corresponding to the two
forms of matter. Notice that, hereafter the arguments in Fi(R, T (b, G)), h1(T (G))
and h2(T
(b)) will be dropped for simplicity until we may restore them for some
purposes.
For a perfect fluid with p = p(ρ), the constraint (9) using the trace T =
−ρ+3p(ρ) and the conservation equation ρ˙+3H(ρ+ p) = 0, could in principle
leads to a differential equation for the function f(R, T ). For the expression (11)
it reads(
h˙′1ρ
(b) +
1
2
h′1ρ˙
(b)
)
+
[
h˙′2
(
ρ(G) + p(G)
)− 1
2
h′2
(
p˙(G) − ρ˙(G))] = 0. (14)
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Therefore, assuming that the two matters do not interact with each other, we
can obtain
h˙′1ρ
(b) +
1
2
h′1ρ˙
(b) = 0, (15)
h˙′2
(
ρ(G) + p(G)
)− 1
2
h′2
(
p˙(G) − ρ˙(G)) = 0. (16)
Since the signature of metric (7) implies ρ(b) = −T (b) for the pressureless mat-
ter, equation (15) gives
h1
(
T (b)
)
= C
(b)
1
√
−T (b) + C(b)2 . (17)
where C
(b)
1 and C
(b)
2 are constants of integration. Now we try to solve equation
(16) for GCG. The EoS for GCG is written as
P (G) = − A
ρ(G)α
. (18)
Equation (18) together with the equation of the EMT conservation ρ˙(G) +
3H(ρ(G) + p(G)) = 0 lead to the following solution for the matter density of
GCG
ρ(G) = (A+Ba−3(1+α))
1
1+α , (19)
where A, α and B are some constant which have to satisfy the conditions A > 0
and α ≥ 0 4. Setting ρ(G)0 ≡ ρ(G)(a = 1), we can rewrite (19) in a suitable form
as
ρ(G) = ρ
(G)
0
(
K + (1 −K)a−3(1+α)
) 1
1+α
, (20)
where a is the scale factor and K ≡ A/ρ(G)(1+α)0 . For later applications we
rewrite (20) as
ρ(G) = ρ
(G)
0 u(a;α,K), (21)
where
u(a;α,K) ≡
(
K + (1−K)a−3(1+α)
) 1
1+α
, (22)
where u(1;α,K) = 1. Note that, the argument (a;α,K) denotes the variation
with respect to the scale factor for constant values of α and K. Substituting
equation (18) in (16) together with using ρ˙(G)+3H(ρ(G)+p(G)) = 0 and T (G) =
−ρ(G) + 3p(G), we get
2
h′′2
h′2
=
ρ(G) + αp(G)
(ρ(G) + 3αp(G))(ρ(G) + p(G))
. (23)
4These restrictions come from the GCG sound speed considerations. See, e.g., Ref. [52].
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The left hand side of equation (23) is in terms of T (G) while the right hand side
is a function of ρ(G) and p(G), which shows that it is not a closed deferential
equation. To complete it, the trace of EMT of GCG can be rewritten as the
following form
−ρ(G) − 3 A
ρ(G) α
= T (G). (24)
By solving equation (24), in principle, we can obtain the matter density ρ(G) in
terms of the GCG trace, and then, substitute it into equations (18) and (23) to
get a closed differential equation in terms of the pure trace T (G). Unfortunately,
this is not a straightforward calculation, since equation (24) admits a lot of roots
that depend on the value α (equation (24) can be problematic when non-integer
values of α are included as well). Furthermore, the solutions can get complicated
forms such that the differential equation (23) may not be solved. However, for
the case of the standard Chaplygin gas (SCG), namely, α = 1 the solutions are
tractable and for the other values we use the approximation methods. Equation
(24) for α = 1 has the following solutions
ρ
(S)
± =
1
2
(
−T (S) ±
√
−12A+ T (S) 2
)
, (25)
where superscript “S" stands for SCG. Since, ρ
(S)
− can get negative values and
thus violates the weak energy condition (WEC), we discard it as a non-physical
solution. We then consider the solution ρ
(S)
+ . By setting α = 1 in equation (23),
and using (25) we have
2
h′′2,+
h′2,+
=
1
(2ρ
(S)
+ + T
(S))
=
1√−12A+ T (S) 2 , (26)
and, we finally obtain the following differential equation
2
√
−12A+ T (S) 2h′′2,+ − h′2,+ = 0, (27)
where the solution h2,+ corresponds to ρ
(S)
+ . The solutions of the above differ-
ential equation are obtained as
h2,+
(
T (S)
)
= −2
3
C
(S)
1+
(
−2T (S) +
√
−12A+ T (S) 2
)√
T (S) +
√
−12A+ T (S) 2 + C(S)2+ ,
(28)
where C
(S)
1+ and C
(S)
2+ are constants of integration. As a result, in f(R, T ) theory
of gravity, for the non-interacting baryonic matter and SCG, the conservation
of EMT enforces us to use the following function
f (I)
(
R, T (b, S)
)
= R+ C
(b)
1
√
−T (b)
− 2
3
C
(S)
1
(
−2T (S) +
√
−12A+ T (S) 2
)√
T (S) +
√
−12A+ T (S) 2 + Λ(b, S),
(29)
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where we have restored the argument of function f for clarification and dropped
the sign “+". Also, we have added the superscript I for later applications and
Λ(b,S) ≡ C(b)2 + C(S)2 . Nevertheless, we consider two another model; the models
which use GCG in two extreme situations, i.e., when p(G) ≫ ρ(G) and ρ(G) ≫
p(G). These cases will be considered for arbitrary values of α. In either cases we
approximate T
(G)
p ≃ 3p(G) = −3|p(G)| and T (G)ρ ≃ −ρ(G). In these cases, using
equation (16), the related differential equations are given as
2T (G)p h
′′
2,p
(
T (G)p
)
− h′2,p
(
T (G)p
)
≃ 0, (30)
2T (G)ρ h
′′
2,ρ
(
T (G)ρ
)
+ h′2,ρ
(
T (G)ρ
)
≃ 0, (31)
for which the solutions are found as
h2,p
(
T (G)p
)
=
2
3
C
(G)
1p
(
−T (G)
)
3/2 + C
(G)
2p , (32)
and
h2,ρ
(
T (G)ρ
)
= 2C
(G)
1ρ
√
−T (G) + C(G)2ρ , (33)
where we have restored again the arguments and labeled the equations and
solutions by p and ρ that denote the either extreme cases and C
(G)
ip and C
(G)
iρ
with i = 1, 2 are integral constants. Thus, we have two another forms for f(R, T )
function, i.e.,
f (II)
(
R, T (b, G)
)
= R+ C
(b)
1
√
−T (b) + 2
3
C
(G)
1p
(
−T (G)
)
3/2 + Λ(b, G)p , (34)
for | p(G) |≫ ρ(G), where Λ(b, G)p ≡ C(b)2 + C(G)2p and
f (III)
(
R, T (b, G)
)
= R+ C
(b)
1
√
−T (b) + 2C(G)1ρ
√
−T (G) + Λ(b, G)ρ , (35)
for ρ(G) ≫| p(G) |, where Λ(b, G)ρ ≡ C(b)2 + C(G)2ρ . Note that, there are two sets
of constants labeled by the numbers 1 and 2 which determine the degree of
involved differential equations.
Therefore, we have three classes of non-interacting models including pres-
sureless baryonic and three forms of CG; in the first one we have SCG repre-
sented by the function (29), the second one uses GCG when the matter density
is negligible in comparison with the pressure as shown by the function (34), and
in the last case, the GCG matter density is dominant which is determined by
function (35).
Note that, from equations (18) and (20), the EoS parameter w(GCG) for
GCG can be obtained. At the early time (a→ 0), we have w(GCG) → 0, and at
the late time (a → ∞), w(GCG) → −1. This means that the GCG in the early
time behaves like CDM and in the late time like DE. Therefore, we assume that
DE and CDM are unified by GCG model. Besides, we have the baryonic matter
indicated by superscript “b" which does not interact with GCG component.
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In the next section, we present the statefinder parameters and obtain them
for these three models, and also get the deceleration parameter and define the
effective EoS, as well. Henceforth, we will call these as, models I, II and III.
3 Statefinder parameters and the related defini-
tions
In this section, we present the definitions of the statefinder parameters and
calculate them for models I, II and III. These parameters are important to
discuss the cosmological aspects of models which are introduced in Refs. [105,
106], originally. The statefinder parameters are defined via the following pairs
of parameters [105, 106]
r ≡
...
a
a
H−3, (36)
s ≡ r − 1
3(q − 1/2) . (37)
Models that have the same present values of the Hubble parameter H0 and
the deceleration parameter q0, can be discriminated from each other by these
parameters. These parameters include the third time derivative of the scale
factor (in spite of the Hubble parameter which includes the first time derivative
and the deceleration parameter which includes the second time derivative of the
scale factor) and can be used to distinguish the different DE models. The
deceleration parameter is defined as the first time derivative of the Hubble
parameter, i.e.,
q ≡ − H˙
H2
− 1, (38)
which in terms of the normalized Hubble parameter E(a) = H/H0, it can be
rewritten as
q = − 1
E
dE
dN
− 1, (39)
where N ≡ ln a. Using the definition (38), the statefinder parameter r can be
simply calculated as
r = q(1 + 2q)− dq
dN
, (40)
whereby substituting (39) in (40) gives
r =
1
E
d2E
dN2
+
1
E2
(
dE
dN
)2
+
3
E
dE
dN
+ 1. (41)
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One can use equations (39) and (41) to obtain the statefinder parameter s from
definition (37). According to the definition of the normalized Hubble parameter,
and also using (13) for models (29), (34) and (35) we obtain
E(I)(a; 1,K) =
[
Ω
(b)
0
(
1−ma3/2
)
a−3 +Ω(S)0 u(a; 1,K)
(
1−√24n(I)
(
u(a; 1,K)
K
)−3/2)] 12
,
(42)
E(II)(a;α,K) =
[
Ω
(b)
0
(
1−ma3/2
)
a−3 +Ω(G)0 u(a;α,K)
(
1−
√
12n(II)K
3
2 u(a;α,K)−
3α+2
2
)] 12
,
(43)
and
E(III)(a;α,K) =
[
Ω
(b)
0
(
1−ma3/2
)
a−3 +Ω(G)0 u(a;α,K)
(
1− 2n(III)u(a;α,K)− 12
)] 12
,
(44)
where we have defined the density parameters for the two type of fluids and
some dimensionless parameters, as
Ω
(b)
0 =
8piGρ
(b)
0
3H20
, Ω
(S/G)
0 =
8piGρ
(S/G)
0
3H20
, m =
ρ
(b) −1/2
0 C
(b)
1
8piG
,
n
(I) =
ρ
(S) 1/2
0 C
(S)
1
8piG
, n(II) =
ρ
(G) 1/2
0 C
(G)
1p
8piG
, n(III) =
ρ
(G) −1/2
0 C
(G)
1ρ
8piG
.
(45)
Hence, each model includes some parameters; the space parameters of model I
are (m,n(I),K), those of model II are (m,n(II),K, α) and for model III we have
(m,n(III),K, α). These parameters play the role of some tuners for these models
which can be set for a physically interesting situation. Substituting equations
(42), (43) and (44) in equation (39) gives the related deceleration parameters as
q(I) =
3
4E(I),2
[
Ω
(b)
0 (2−ma3/2)a−3 + 2Ω(S)0 (1−K)uv
(
1 +
√
6n(I)(u/K)−3/2
)]
− 1,
(46)
q(II) =
3
4E(II),2
[
Ω
(b)
0 (2 −ma3/2)a−3 + 2Ω(G)0 (1−K)v
(
u+
√
27αn(II)
(
uα
K
)−3/2)]
− 1,
(47)
and
q(III) =
3
4E(III),2
[
Ω
(b)
0 (2 −ma3/2)a−3 + 2Ω(G)0 (1−K)uv
(
1− n(III)u− 12
)]
− 1,
(48)
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for models I, II and III, respectively. It is convenient to define an effective EoS
in the higher order gravity (specially in f(R) gravity) to explain the present
accelerated expansion of the Universe through the effects of the geometrically
modified gravity terms in the Friedmann equations5. Here, we have not taken
into account such modifications in the geometrical sector of the action. How-
ever, there is a non-standard interaction between cosmological fluids and normal
geometrical sector, which is the general behavior of f(R, T ) gravity. The effec-
tive EoS parameter w(eff) is defined as w(eff) = −1− 2H˙/3H2 6, whereby using
the definition (38) we get,
w(eff) =
1
3
(2q − 1). (49)
The effective EoS can be obtained from equations (46), (47), (48) and (49)
for the three models. Using equations (41), (42), (43) and (44) the statefinder
parameters r can be calculated as
r(I) =
9
8E(I),2
{
Ω
(b)
0 ma
−3/2 +Ω(S)0 (1 −K)u−1v
[
4K +
√
24n(I)
(
2− 5(1−K)v
)
(u/K)−3/2u2
]}
+ 1, (50)
r(II) =
9
8E(II),2
{
Ω
(b)
0 ma
−3/2 + 2αΩ(G)0 (1−K)v
[
2
(
1− (1−K)v
)
u+
√
27n(II)
(
2α− (1−K)(2 + 5α)v
)
(
uα
K
)−3/2
]}
+ 1, (51)
r(III) =
9
8E(III),2
{
Ω
(b)
0 ma
−3/2 + 2Ω(G)0 (1 −K)vu
[
2α
(
1− (1 −K)v
)
−
n
(III)
(
2α− (1−K)(1 + 2α)v
)
u−
1
2
]}
+ 1, (52)
and the statefinder s for three models can be computed from definition (37),
using the above equations for the deceleration parameters q(I), q(II), q(III) and
the statefinder parameters r(I), r(II), r(III), as
s(I) =
1
2
Ω
(b)
0 ma
−3/2 +Ω(S)0 (1−K)u−1v
[
4K +
√
24n(I)
(
2− 5(1−K)v
)
(u/K)−3/2u2
]
Ω
(b)
0 ma
−3/2 − Ω(S)0 u−1
[
2K −√24n(I)
(
2 + (1 −K)v
)
(u/K)−3/2u2
] ,
(53)
5For example, see Ref. [119] and references therein.
6See Refs. [83, 84]
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s(II) =
1
2
Ω
(b)
0 ma
−3/2 + 2αΩ(G)0 (1−K)v
[
2
(
1− (1−K)v
)
u+
√
27n(II)
(
2α− (1−K)(2 + 5α)v
)
(u
α
K )
− 32
]
Ω
(b)
0 ma
−3/2 − Ω(G)0
[
2
(
1− (1−K) v
)
u−√12n(II)
(
2 + 3α(1 −K)v
)
(u
α
K )
− 32
] ,
(54)
s(III) =
1
2
Ω
(b)
0 ma
−3/2 + 2Ω(G)0 (1−K)vu
[
2α
(
1− (1−K)v
)
− n(III)
(
2α− (1−K)(1 + 2α)v
)
u−
1
2
]
Ω
(b)
0 ma
−3/2 − 2uΩ(G)0
[
1− (1−K)v − n(III)
(
2− (1−K)v
)
u−
1
2
] ,
(55)
where we have defined v(a;α,K) = [a3u(a;α,K)]−(1+α), and also dropped the
arguments (a; 1,K) and (a;α,K) from the quantities of model I and the two
other ones, respectively. Note that, the dimensionless parameters introduced in
(45) are not independent. Applying the present value E
(I)
0 (1;α,K) = 1, and
also the same for the other models, we get
Ω
(S)
0 =
1− (1−m)Ω(b)0
1−√12n(I)K 32 for model I, (56)
Ω
(G)
0 =
1− (1−m)Ω(b)0
1−√24n(II)K 32 for model II, (57)
Ω
(G)
0 =
1− (1−m)Ω(b)0
1− 2n(III) for model III. (58)
Setting m = 0 and n’s= 0, in equations (46)-(55) and also relations (56)-
(58) gives the corresponding equations for model f(R, T ) = R, i.e. the GR
case. These coupling constants are responsible for all deviations of the above
equations from the equivalent forms in GR. In the next section we study these
deviations for three models I, II and III, numerically. That is, we investigate
the cosmological consequences of equations (46)-(55) through the statefinder
diagnosis.
4 Statefinder diagnosis and numerical considera-
tions
In this section we consider equations (46)-(55) and extract their cosmological
consequences via the statefinder diagnosis. These three models depend on the
coupling constants m and n’s, and also parameter K for model I, and K,α for
the two other ones. Generally, these constants can lead to different models for
different values, and therefore, different cosmological history for the universe.
In the following subsections we consider each model, in turn.
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Note that, in each forthcoming diagram, the trajectories of cosmological
parameters for m, n’s=0 correspond to the GR background. Namely, one can
compare the f(R, T ) gravity results with the corresponding GR ones in each
model I, II and III, using these plots.
Later, in Sec. 5, we compare the predicted present values s0 and j0 by our
models (which have been obtained for the best fit values of models parameters),
to some observational measurements. The gold sample supernova type Ia which
gives 1.65 < r0 < 3.97 [92], the SNLS supernova type Ia data set which re-
sults in 0.11 < r0 < 2.69 [93] and X-ray galaxy clusters analysis which gives
−1.49 < r0 < 3.06 [94] have been used. Future measurements like SNIa data
from the Large Synaptic Survey Telescope (LSST), the Supernovae Acceleration
Probe (SNAP) and X-ray cluster data from Constellation-X may provide better
constraints on the statefinder parameters. The baryon oscillation experiment
which is applied in galaxy redshift surveys for high-redshift ranges can also make
tighter constraint on these parameters.
4.1 model f (I)
(
R, T (b, S)
)
Using equations (46) and (49), the cosmological evolution of the EoS parameter
for this model is illustrated in Fig. 1, for specific values K = 0, 0.33, 0.77 and
0.99 with m,n(I) = −1. Moreover, we have plotted the corresponding diagrams
for the standard casem = 0,n(I) = 0 (i.e., for GR, as we have before mentioned)
in order to indicate possible deviations. The zero value for K, corresponds to
the model with a pressureless matter (see equation (20)), and the other values
determine different cosmological scenarios. The predicted present value w
(eff)
0 , is
indicated by a solid circle on each curve. Also, we have illustrated observational
range for the values of EoS parameter of DE which has been reported by Planck
2015 measurements [33], (−1.051 ≤ w(eff)0,Planck ≤ −0.961), in Fig. 1 by a gray
region. Brown dashed line has been used for case K = 0, blue dotted one for
K = 0.33, red dot-dashed curve shows the case K = 0.77, a black line presents
the models with K = 0.99 and an orange one for K = 17. Since, there are
generally some divergences in the cases with positive values of n(I) andm (which
occur in a certain value of N , for some values of K), the evolution of the related
EoS parameter is not depicted in Fig. 1. Physically, this divergence causes a total
increase in the value of the deceleration parameter after the matter dominated
era8. Hence, positive values for the coupling constants m,n(I), can lead to non-
physical behaviors and we discard such cases as the less physically interesting
models. However, one may find some curves without divergence for positive
values. For example, for m = 2, n(I) = −2.3 and K = 0.32 we can obtain
the acceptable value w(eff) ≃ −1.005 consistent with the recent results [11, 33].
Plots in Fig. 1 show that the value of the effective EoS is much more near to
its observationally obtained values, w(obs) ≃ −1, for n(I) 6= 0. Decreasing the
7In the subsequent discussions and subsections we always use these options to show the
related plots for K = 0, 0.33, 0.77, 0.99.
8Note that, for this reason, we do not consider the other cosmological parameters for this
model and also for two other ones for positive valued parameters m,n’s.
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parameter n(I) for m = 0, leads to smaller values of w(eff) for all values of K.
By contrast, decreasing in the parameter m for n(I) = 0, gives smaller values
for K < 1/2 and larger values for K > 1/2. To understand the reason of this
dual behavior, we calculate the present value of w(eff) for n(I) = 0, as
w
(eff)
0 = K(Ω
(b)
0 − 1)−
1
2
(2K − 1)mΩ(b)0 , n(I) = 0, N = 0. (59)
As we see, for special case K = 1/2, the effective EoS is independent of the
parameter m and for a given m, the value of w
(eff)
0 increases for K > 1/2 and
decreases for K < 1/2. Calculations show that when n(I) 6= 0, the mutual
behavior is absent and in these situations a decrease in m leads to an increase
in w
(eff)
0 for all values of K (compare lower diagrams in Fig. 1). Therefore, in
lower right diagram we see a total decrease in the value of w
(eff)
0 (a decrease due
to the effect of n(I) 6= 0 and an increase due to the effect of m). The value of
w
(eff)
0 vanishes in the early times (N < 0 which corresponds to a < 1), and goes
to −1 in the late times except for the case K = 0.
The evolution of the deceleration parameter (46) is presented in Fig. 2. An
interesting result is that, the value of the deceleration parameter for the models
with K = 0 is running when m < 0. The curve corresponding to K = 0, is
sensitive to negative values of m. Plots show that there is a transition between
the value 1/2 and negative values of q. This transition for K = 0 is relatively
slower than for the other value of K; the larger values the parameter m gets,
the later the transition occurs. In addition to the mentioned effect of negative
values of m for curves with K = 0, the overall effects of the parameters m and
n
(I) can be distinguished. To this end, the present values of the deceleration
function q0 in Fig. 2 (and the statefinder parameters r0 and s0 in Fig. 3), are
specified for some curves. Comparing upper left corner diagram with lower left
one in Fig. 2, shows that the net effect of n(I)(< 0) is to decrease the values of
q0. Since there is a linear relation between the deceleration and EoS parameters,
there exists a similar mutual behavior for the effect of m when n(I) = 0.
In Fig. 3, we present the evolution of the statefinder parameters in the (s, r)
plane for K = 0.33, 0.77, 0.99. In this plane, the values of s are mapped on a
horizontal axis and a vertical axis determines the values of r. In the upper left
panel, we plot the diagrams that hold for GR, in order to see possible deviations.
In each panel besides the present values (which are indicated by small solid
circle), we represent starting point with a star symbol (corresponding to a point
in the early times), the position of the ΛCDM model (corresponding to future)
with a solid small box and the direction of the evolution of the trajectories with
colored arrows. The starting point corresponding to the early times is obtained
by the condition a→ 0. In the limit a→ 0, the statefinder parameter r reads
r(I)(a→ 0) = 1 + 9mΩ
(b)
0 a
3/2
8
(
Ω
(b)
0 −
√
1−K(1+(m−1)Ω(m)0 )
2
√
6K3/2n(I)−1
) , (60)
whence, for the early times we get r = 1. However, the limit of s for a → 0
depends on the value of the parameters m and n(I); for zero value for both
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Figure 1: (color online). The cosmological evolution of the effective EoS parameter of
model I versus N ≡ ln a. The curves are plotted for K = 0 (which in this case we have CDM
in addition to the baryonic one) in brown dashed line, blue dotted line for K = 0.33, red
dot-dashed line for case K = 0.77, black solid line for K = 0.99 and orange solid line for
K = 1.00. Small solid circles determine the present values. The valid range of values which
has been reported by Planck 2015 measurements, (−1.051 ≤ w
(eff)
0,Planck ≤ −0.961) is also
indicated by the gray region. All diagrams are drawn for the present baryonic matter density
Ω
(b)
0 = 0.05. Since, positive values of parameters m and n
(I) lead to some abnormality, only
negative values are discussed. The curve of K = 1.00 is not flat because of the effect of the
baryonic matter density. Zero value for the coupling constants m and n(I) reflects the GR
background. Columnar view shows that decreasing the value of n(I) leads to decreasing the
present values. However, lateral view demonstrates that decreasing m leads to an increase
for K > 0.5 and a decrease for K < 0.5. An orthogonal look shows that the overall effect of
switching on both parameter leads to more observationally accepted values for K < 0.5. For
larger values of m and n(I) we get the better results.
parameters we have s = −1, if only the former is vanished s = −1/2, and
otherwise we have s = +1/2. Therefore, for non-interacting SCG and baryonic
matter, in the background of f(R, T ) theory of gravity, the trajectories of the
statefinder plane belongs to three different subclasses; some trajectories have
the initial value (s = −1, r = 1), and the other two have (s = ±1/2, r = 1), as
the initial values. However, all trajectories terminate at the ΛCDM fixed point,
since the statefinder parameters in the limit a→∞ take the following forms
r(I)(a→∞) = 1 + C1
(
K,m,n(I),Ω
(b)
0
)
a−3/2, (61)
s(I)(a→∞) = C2
(
K,m,n(I),Ω
(b)
0
)
a−3/2, (62)
where C1 and C2 are some functions of their arguments. Here, in model I, there
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Figure 2: (color online). The evolution of the deceleration parameter of model I for
different negative values of the parameters m and n(I). The curves are plotted for K = 0,
K = 0.33, K = 0.77 and K = 0.99 corresponding to brown dashed line, blue dotted line
for, red dot-dashed line and black solid line. Moreover, present values indicated by small
solid circles. All diagrams are drawn for the present baryonic matter density Ω
(b)
0 = 0.05.
The case K = 0 corresponds to the presence of only the baryonic and CDM. In this case,
the deceleration parameter is constant 0.5 in GR (which corresponds to m,n(I) = 0). On
the contrary, decreasing the value of m leads to a varying deceleration parameter in f(R, T )
gravity. By decreasing both parameters, we obtain better results for the only cases with
K < 0.5, however, decreasing only in n(I) improves the result for all values 0 < K < 1.
are different scenarios for the evolution of the Universe, with more or less the
same feature in their deceleration parameters, but completely different feature
in the (r, s) plane; the Universe begins with different initial points, however,
terminates in the same point in the late times, mimicking the cosmological con-
stant mode. Lateral comparison of diagrams in Fig. 3, shows that for a specific
value ofK, the net effect of negative values ofm is an increase in the value of s0,
and a decrease in the value of r0. A columnar view shows that negative values
of n(I) would increase the value of s0. Nevertheless, in these cases the value
of r0 grows for 0.17 < K < 0.33 (the maximum value r0,max ≃ 1.76 occurs in
K ≃ 0.24 ), and decreases otherwise. Diagonal comparison demonstrates that
the distance to the ΛCDM fixed point is shorter when both parameters m and
n
(I) are turned on. Such an effect is not seen for large K; negative values of m
and n(I) makes the distance of the model to the ΛCDM fixed point slightly larger
comparing with GR. However, the models with K → 1 have shorter distance.
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Figure 3: (color online). Statefinder diagnosis of model I in the (s, r) plane. In this
plane the parameter r corresponds to the vertical axis and the values of parameter s form the
horizontal axis. Each trajectory start from a star symbol and end up at a boxed symbol. the
star symbol denotes the initial value for the trajectories. There is three different cases; some
trajectories start from (-1,1) (upper left panel), some start from (-0.5,1) (lower left panel) and
other trajectories begin from (+0.5,1) (right diagrams). However, all trajectories terminate
at the boxed symbol place with coordinate (0, 1) which belongs to the ΛCDM model. The
diagram in lower right panel shows that decreasing the values of m and n(I) reduces the
distance to the ΛCDM fixed point which for K > 0.5 is not very effective.
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4.2 model f (II)
(
R, T (b, G)
)
In this case besides the model coupling constants m,n(II) and parameter K,
there is another parameter, α, as the forth constant. Therefore, the net effects
of this parameter should be considered. The related figures of the effective EoS
parameter w(eff) for this model are illustrated in Fig. 4. Again, the curves for
K = 0, 0.33, K = 0.77 and K = 0.99, corresponding to brown dashed, blue
dotted, red dot-dashed and black solid lines are plotted, respectively. Here, the
diagrams for α = 0.001, 0.99 are drawn. It is clear from equations (46), (47)
and (48), that the deceleration and accordingly the effective EoS parameters
are the same for models I, II and III, when n = 0’s go to zero. Hence, in this
case the diagrams for w(eff) and q are not redrawn in model(s) II (and III in
the later subsection). We arrange the diagrams the same as model I, however
in this case the parameter α increases horizontally. An increase in the value of
α leads to a decrease in the value of w
(eff)
0 , and this is clearly evident for the
relatively smaller values of K. In this model we obtain more acceptable results
in all range 0 < α < 1; upper left diagram shows that even for α = 0.001 we
have w
(eff)
0 ≃ −0.9 (red dot-dashed line), the result that met in model I only for
K → 1. By comparing the effective EoS diagrams between model I and II we see
that the value of w
(eff)
0 decreases when the value of α increases, and this means
that we can construct more acceptable models for larger values of α. In Fig. 5,
the related diagrams of the deceleration parameter q = q(a;α,K,m,n(II)), for
m = 0,−1, n(II) = −1 and α,K > 0 are drawn. In the lateral view, the
diagrams for the same values of parametersm,n(II) for two values α = 0.01, 0.99
are pictured. In the columnar view, the plots are arranged for the same value
of α and different values of m. The present value of the deceleration parameter
q0 is displayed in each plot, which can be calculated as
q
(II)
0 = −1 +
3
4

Ω(b)0 (2−m) + 2(1−K)
(
1 + Ω
(b)
0 (m − 1)
)(
1 +
√
27K3/2αn(II)
)
1−√12K3/2n(II)

 , N = 0,
(63)
and for the special case n(II) = 0 it can be rewritten as
q
(II)
0 =
3
4
Ω
(b)
0 (1− 2K)m+
1
2
(
1− 3K(1 + Ω(b)0 )
)
, N = 0, n(II) = 0.
(64)
It is obvious that the value of q0 does not depend on α for the models with
n
(II) = 0, (that is we have q
(I)
0 = q
(II)
0 = q
(III)
0 for n’s= 0). The related plots
for n(II) 6= 0 are presented in the first row of Fig. 5. As the plots show, for the
cases with n(II) 6= 0 an increase in the value of α results in a decrease in the
value of q0. The models with observationally inconsistent value of q0 can be
put in an acceptable regime (for which we have q0 ≃ −0.6) by choosing a value
for parameter n(II), properly. This arbitrariness can not be met in GR regime,
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Figure 4: (color online). The evolution of the effective EoS parameter for model II which
uses the non-interacting baryonic matter together with GCG in the high pressure regime. The
curves are plotted for K = 0 (brown dashed line), K = 0.33 (blue dotted line), K = 0.77
(red dot-dashed line) and K = 0.99 (black solid line), for m = 0,−1, n(II) = −1 and α =
0.001, 0.99. The present values are also depicted with the corresponding colors. The valid
range of values reported by Planck 2015 measurements, (−1.051 ≤ w
(eff)
0,Planck ≤ −0.961) is
indicated by the gray region. An increase in the value of α, leads to a decrease in the value
of w
(eff)
0 .
where f(R, T ) = R. In GR, observationally consistent values can be achieved
only for K ≃ 1, irrespective of the value of α. However in f(R, T ) gravity one
can attain the consistent Chaplygin gas models with arbitrary value of K only
by a suitable choice of the coupling constant n(II), (compare the diagrams in
the top panels in Fig. 2 with the diagrams in Fig. 5). Comparing the first row
with the second one in Fig. 5, shows that turning parameter m on increases
the values of the deceleration parameter. Equation (63) shows that the present
value of the deceleration (and also the effective EoS) parameter for n(II) = −1
is not as simple as the result given in (64), and therefore the effect of variation
of m is not obvious for each value of K. However, as diagrams in Fig. 5 show,
decreasing the value of m increases the value of q0. Comparing the diagrams
for model I in Fig. 2 with the diagrams in Fig. 5, one can find more acceptable
results in model II for large values of α.
In Fig 6 we have depicted (r, s) plane diagrams for different values K =
0.33, 0.77, 0.99,m,n(II) = 0,−1 and α = 0.001, 0.99. These diagrams have been
arranged in such a way that the parameter α varies in the horizontal view and
the coupling constants m,n(II) in the vertical view. Comparison of the lateral
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Figure 5: (color online). The evolution of the deceleration parameter for type II models
for different values of the parameters K, m = 0,−1 and n(II) = −1. The curves are plotted
for K = 0, K = 0.33 K = 0.77 and K = 0.99, corresponding to brown dashed line, blue
dotted line for, red dot-dashed line and black solid line. In this case, a lateral view shows
that the value of the deceleration parameter decreases when parameter α increases. And, a
vertical view shows that decreasing m, results in increasing the value of q0.
diagrams shows that in the high pressure regime a growth in the value of α
would result in a decrease in the value of s0 and increases the value of r0 for
n
(II) = 0. However, when n(II) < 0 this feature cannot be seen for large values
of K. This means that the distance to the ΛCDM fixed point becomes so long
when α approaches to 1 and k gets away from 1. That is, the models with
large values of α and small values of K are distinguishable from the ΛCDM
model in the high pressure regime. However, since the ΛCDM is the mostly
accepted cosmological model, these models cannot be very interesting. The
upper left panel holds for GR regime which resembles the ΛCDM model, since,
we have s0 ∝ −10−3 and r0 ≈ 1. In the vertical view, we see that decreasing
the values of m does not lead to a significant variations of the parameters r0
and s0. Therefore, decreasing in the value of m does not affect the distance of
underlying model. Furthermore, when n(II) decreases, the present fixed point
(s0, r0) gets farther from the ΛCDM one only for large values of α and small
values of K.
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Figure 6: (color online). Cosmological trajectories of model II in the (s, r) plane. The
plots show that an increase in the value of α, has a significant effect on the values of statefinder
parameters for smaller values of K, and accordingly, these models have a distinct situation
with respect to the ΛCDM model.
24
4.3 model f (III)
(
R, T (b, G)
)
This case differs from model II only when n(III) 6= 0. Both models II and
III have the same behavior for n(II) = n(III) = 0. The other important point
about model III is that, the present values of the deceleration parameter q0 and
therefore w0, are independent of the values of α for arbitrary values of n
(III).
The present value of the deceleration parameter for this model reads
q
(III)
0 =
3
4(1− 2n(III))
[
Ω
(b)
0
(
1− 2K(1− n(III))
)
m− 2
(
K(Ω
(b)
0 − 1) + 2Ω(b)0 + 1
)
n
(III) +
2
(
K(Ω
(b)
0 − 1) + 1
)]
, N = 0, (65)
whence we observe that the parameter α does not play any role in the value of
q
(III)
0 . In Fig 7 and Fig 8 we present the related diagrams of the effective EoS
and the deceleration parameters for n(III) = −1, m = 0,−1, respectively. By
indicating the parameter α on diagrams, we emphasize that the present values
do not depend on α. when parameter m is switched on, an increase in the
Figure 7: (color online). The evolution of the EoS parameter for model III. Here
the values of α has no effect on the values of w(eff).
values of w0 and q0 would happen. Such an effect appears in model II, as well.
Since, when n’s= 0, we have the same values of w0 and q0 for the three models,
therefore to understand the effect of decreasing the value of n(III) from zero to
an arbitrary negative value (here −1), one can compare the diagrams of Fig. 8
(or Fig. 7 for the EoS parameter of model III) with the corresponding ones in
Fig. 2 (or Fig. 1 for the EoS parameter of model I). We see that decreasing the
values of n(III) would reduce the values of q0 and w0, and the net effect is more
significant for smaller values of K. Thus, again decreasing n(III) to negative
values can help to construct more reliable models with admissible values of
w0 and q0. In Figure 9 we present the related diagrams for the statefinder
parameters of model III. These diagrams are plotted for n(III) = −1, since the
diagrams for n(III) = 0 are the same as the diagrams for model II with n(II) = 0.
Comparing the plots of Fig. 9 with four upper diagram in Fig. 6 indicates that
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Figure 8: (color online). The evolution of the deceleration parameter for model
III. The values of q0 are independent of the values of α.
a decrease in the value of n(III) makes the distance of model III to the ΛCDM
model shorter for large values of α and longer for small values of this parameter.
As diagrams of Fig. 9 show, an increase in the value of α, decreases the value of
s0 and makes r0 to get larger values. The overal behavior of this, is to lengthen
the distance to the ΛCDM fixed point. Nevertheless, the effect is weak for larger
values of K. A vertical view indicates that decreasing the parameter m, has no
remarkable effect on the present values of the statefinder parameters, though it
leads the distance to become slightly shorter for larger values of α and smaller
value of K.
5 Luminosity distance and Hubble parameter tests
So far we have discussed the f(R, T ) cosmological solutions when a generalized
Chaplygin gas along with a baryonic matter are present as the whole matter
content. We have obtained three different forms for f(R, T ) function based
on the EMT conservation and subsequently the cosmological consequences of
these models have been extracted from a theoretical point of view. In this
section, these solutions will be compared to SNIa cosmological data and the
compilation of Hubble parameter measurements. Supernovae type Ia as accurate
standard candles are the most direct probe to detect signatures of the accelerated
expansion of the Universe as well as DE. Therefore, Dark energy scenarios in
the first step can be examined by comparing their predicted luminosity distance
to the observational data. In this regard, we apply the chi-square test of the
goodness of fit of the Hubble parameter and modulus distance quantity defined
by equations (42)-(44) for models I, II and III to the observational data. The
procedure of fitting can be summarized as follows: The supernova observations
include N apparent magnitude mi which can be translated to a quantity which
is called “distance modulus µi", the corresponding redshift zi and their errors.
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Figure 9: (color online). Statefinder diagnosis of model III in the (s, r) plane. Only the
diagrams for n(III) = −1 are plotted since the case n(III) = 0 is the same as the results of
model II when n(II) = 0. Horizontal view shows that if the value of α increases, the distance
to the ΛCDM fixed point will slightly enlarge. Also, a decrease in the value of m has no
effective impact on the present values.
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Theoretically, these quantities satisfy the following equation
µ(z) ≡ m(z)−M = 25 + 5 log
(
dL(z)
1Mpc
)
, (66)
where the luminosity distance dL is defined as
dL(z) =
c
H0
(1 + z)
∫ z
0
dz′
H(z′)
. (67)
Generally, for a given model, the Hubble parameter H(z) can be written as a
function of some parameters like those presented in our cases. For example, we
have H(z;m,n′s,K, α) in this paper. The idea is to find the best fit values of
the model parameters which lead to the most consistency between the predicted
curves of the modulus distance as well as the Hubble parameter (by the virtue
of the underlying theoretical model) and the observational data. To this aim,
we minimize the quantities
χ2µ(m,n
′s,K, α) =
N∑
i=1
[
µ(o)(zi)− µ(th)(zi)
]2
σ2H,i − σ2mz,i
, (68)
and
χ2H(m,n
′s,K, α) =
N ′∑
j=1
[
H(o)(zj)−H(th)(zj)
]2
σ2µ,j
, (69)
where µ(o)(zi) andH
(o)(zi) are obtained from observations, µ
(th)(zi) = µ
(th)(zi;m,n
′s,K, α)
and H(th)(zi) = H
(th)(zi;m,n
′s,K, α) denotes the distance modulus and the
Hubble parameter predicted by theory, zi is the redshift of an event obtained
from observation, σµ,i and σH,i are the errors caused by measurement and σmz,i
is dispersion in the distance modulus. There are some packages on the web that
can help one to minimize the chi-square function for the best fit parameters of
theory. For example, in [134] one can find the self-study package “CoChiSquare
alpha" which is written in both Mathematica [135] and Python [136] languages,
or the one which is released in [137]. After minimizing the chi-square parame-
ter for the best fit values, if χ2min(m,n
′s,K, α)/d.o.f . 1 then we have a good
fitting and the theory is consistent with the data. “d.o.f" stands for the number
of degrees of freedom which is equal to N − n in which N is the total number
of measurements, n is the number of parameters of theory, and the barred pa-
rameters in the argument are the best fit values.
In our study we have used the Union 2 sample which consists of 557 type
Ia supernova data [124] as well as 28 Hubble parameter measurements9 which
are collected in Ref. [125]. We minimize the chi-square function to find the
best fit values of m, n’s, K and α parameters for the fixed values H0 = 67.8
9The original data can be found in Refs.[126, 127, 128, 129, 130, 131, 132, 133]
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kms−1Mpc−1, Ω(b)0 = 0.05 and c = 2.99×108ms−1. The results are summarized
in Table 1. In this table in addition to χ2(µ ,H) min and χ
2
(µ, H) min/d.o.f the
effective EoS and the value of deceleration parameter for the best fit values of
model parameters (which are obtained in the modulus distance and Hubble chi-
square tests) are shown. As shown in Table 1, these best fit values for modulus
distance test would result in a good consequence both for models I and II. We
have obtained χ2µ,min/d.o.f ≃ 1.0073 for model I and χ2µ,min/d.o.f ≃ 1.0104
for model II, which show a relatively good consistency of these models with the
SNIa observations. In these cases, the best fit values give an acceptable present
value for the effective EoS. Nevertheless, the best fit values in the Hubble chi-
square tests do not lead to a satisfactory result for w(eff) in both cases. The
diagrams of the modulus distance along with the Union 2 sample data, the
effective EoS and the Hubble parameter along with the related observational
data [125] for models I and II are drawn in Fig. 10 and Fig. 11, respectively.
These figures are drawn for Kµ = 0.210, mµ = 15 and n
(I)
µ = −2.2 in model I
andKµ = 0.295,mµ = 6.1, n
(II)
µ = −2.34, αµ = 0.34 in model II which minimize
the modulus distance chi-square parameter. As is seen, they show a relatively
consistent behavior, at least in low redshifts.
Table 1 also gives the present values of the statefinder parameters s0 and r0
which are calculated for the best fit values of parameters for models I, II and III.
In comparison to the results of the gold sample supernova type Ia which gives
1.65 < r
(Gold)
0 < 3.97 and −0.86 < s(Gold)0 < −0.13 [92], the SNLS supernova
type Ia data set which results in 0.11 < r
(SNLS)
0 < 2.69 and −0.61 < s(SNLS)0 <
0.32 [93] and X-ray galaxy clusters analysis with −1.49 < r(X-ray)0 < 3.06 and
−0.56 < s(X-ray)0 < −0.094 [94] , we see that model II, namely, f(R, T ) gravity
with GCG in high pressure regime shows a good consistency with these data.
Only, model II (for the best fit values of parameters which minimize the modulus
distance chi-square) is approximately consistent with all these three data sets.
Similar considerations can be done for model III in search of the observa-
tionally acceptable model parameters. Nevertheless, we will report the results
of a full statistical discussion on these models, elsewhere. The most performed
cosmological tests in the literature consist of the luminosity distance tests, exper-
iments on cosmic microwave background radiation (CMB), the baryon acoustic
oscillation (BAO) probes, investigations about look-back time and the age of
the Universe and the growth rate of matter density perturbations.
We conclude this section by commenting that, the model of the Chaplygin
gas in the framework of f(R, T ) gravity can deserve further investigations. Some
research works have treated this issue [95, 96, 97, 98, 99, 100], where it is shown
that the standard Chaplygin gas in the background of GR may not be consistent
with observations, however, here we have demonstrated that this type of matter
can be survived, still in f(R, T ) modified theory of gravity. Although, using
more precise statistical techniques for different cosmological tests can give better
results.
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Table 1: Results of the modulus distance and Hubble chi-square tests for models I, II and III.
Models χ2(µ,H) min χ
2
(µ,H) min/d.o.f Best fit values of the model parameters q0 w
(eff)
0 s0 r0
Model I 20.667 0.827 KH = 0.180,mH = −7.68, n(I)H = −4.66, α−−−− -0.604 -0.736 -0.12 1.4
Model I 558.024 1.0073 Kµ = 0.210,mµ = 15, n
(I)
µ = −2.2, α−−−− -1.01 -1.008 -0.65 3.97
Model II 23.680 0.947 KH = 0.35,mH = −7.10, n(II)H = −2.56, αH = −0.33 -0.267 -0.511 0.31 0.28
Model II 558.774 1.0104 Kµ = 0.295,mµ = 6.1, n
(II)
µ = −2.34, αµ = 0.34 -0.978 -0.967 -0.37 2.62
Model III 552.612 0.9993 Kµ = 0.280,mµ = 1.0, n
(III)
µ = −1.5, αµ = 0.28 -0.552 -0.288 0.09 0.77
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Figure 10: (color online). Cosmological diagrams for the best fit values of model I
parameters obtained from the modulus distance chi-square test. The upper left panel shows
the modulus distance and the Union 2 compilation data which are shown in red points. The
upper right panel presents the effective EoS parameter. In this plot the valid range of values
reported by Planck 2015 measurements (−1.051 ≤ w
(eff)
0,Planck ≤ −0.961) is indicated by the
gray region. The lower one depicts the Hubble parameter along with the Hubble cosmological
data which is illustrated in red color.
6 conclusions
In the present work we have investigated cosmological behavior of the gener-
alized Chaplygin gas (GCG) in f(R, T ) theory of gravity endowed with a ho-
mogeneous and isotropic FLRW spacetime, by means of statefinder diagnosis.
More precisely, the baryonic matter is also included which does not directly
interact with GCG. However, these two fluids interact with each other via a
non-standard geometric rule which is imposed by f(R, T ) gravity Lagrangian.
Here, the coupling of the trace of whole matter to geometry would relate the
evolution of these two type of matters to each other.
In f(R, T ) gravity conservation of energy-momentum tensor (EMT) enforces
us to use a constraint equation which must hold by f(R, T ) function. This
equation gives the functionality of R and T by the virtue of which the con-
servation of EMT is guaranteed. Only models of type f(R, T ) = g(R) + h(T )
respect the EMT conservation. However, we have worked on the special case
f(R, T ) = R + h(T ), although models f(R, T ) = g(R) + h(T ) are worthy of
study as well. Adding a matter trace dependent term to the Ricci scalar can be
accounted for as a correction to the Einstein-Hilbert action. We solved the con-
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Figure 11: (color online). Cosmological diagrams for the best fit values of model II
parameters obtained from the modulus distance chi-square test.
straint equation for two class of models; the models that employ the standard
Chaplygin gas (SCG) and those that make use of GCG. All related equations
(specially the function f(R, T )) of the former are exactly obtained. Neverthe-
less, the constraint equation can not be exactly solved for the latter because of
the appearance of constant α in the GCG sector. In fact, for each value of this
constant (which may be whether integer or not) there may be numerous solu-
tions so that dealing with them is time consuming. To avoid such mathematical
problems we approximate the constraint equation in two extreme limits, the
high pressure (p≫ ρ) and the high density regimes (ρ≫ p). Of course, we have
supposed that under these two extreme situations, the Chaplygin gas preserves
its nature. As a result, we have mainly worked on three classes of Chaplygin gas
models; the models in which SCG is included and we classified them as model I,
the GCG models in the high pressure regime, as models II and finally the GCG
models in the high density regime as models III.
After obtaining and then normalizing the Hubble parameter for each model,
we obtained the deceleration and the statefinder parameters, from which one
can differentiate these models from DE point of view. The statefinder diagnosis
is a powerful tool to understand the behavior of different DE scenarios. In our
models, there are some parameters that enable us to choose the best values
for them in order to make the models consistent with the observational results.
Model I contains parameterm which is related to the coefficient of the baryonic
term in the f(R, T ) function, n(I) which corresponds to the SCG term in the
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f(R, T ) function and K which is included in the SCG density. In addition to
parameters n(II) and n(III) which correspond to the GCG terms in the f(R, T )
functions and constant K that comes from GCG density, we have constant
α for the two other models. In our work, we have used different values for
these parameters and have plotted various diagrams for the effective EoS, the
deceleration parameter and the statefinder parameters which all are calculated
from the modified normalized Hubble parameter for each model. Note that, we
have used the present value for the baryonic density parameter which is about
five percent of the total matter density parameter. In each diagram we have
indicated the present values of the related quantities in order to compare the
predictions of the underlying model with the corresponding observational values.
Particularly, we have plotted the curves of quantities which hold in the GR
background (i.e. when the constants m and n’s do vanish) in order to compare
them with the f(R, T ) corresponding plots and have investigated the possible
deviations. We mentioned that positive values for parameters m and n’s lead
to some divergences in diagrams and consequently to non-physical outcomes.
As a result, we have not followed our considerations for positive values of these
parameters. The effective EoS parameter for our models starts from a zero
value in the early stages of the evolution of the Universe and converges to −1,
as is expected. Note that the models of GCG/SCG in the GR background show
a similar behavior [114] (as we also depicted this behavior in the diagrams).
However, in f(R, T ) gravity the present values can be improved as compared
with the corresponding GR ones. As we have shown, in the GR background, only
for cases with K → 1 we have w(eff)0 ≃ −1. Nevertheless, in f(R, T ) gravity this
value will improve. For example, the values of the EoS parameter for K = 0.33
is w
(eff)(GR)
0 ≃ −0.314 and the corresponding values in the three models are;
w
(eff)(I)
0 ≃ −0.773 for m = 0 and n(I) = −1, w(eff)(II)0 ≃ −0.916 for m = −1,
n
(II) = −1 and α = 0.99, and w(eff)(III)0 ≃ −0.526 form = 0, n(III) = −1 and an
arbitrary constant α. Comparing these values we get another important point.
For models I and III, the best values are obtained for m = 0, which means the
baryonic term is absent. It shows that in these models the pure SCG/GCG can
drive the accelerated expansion of the Universe in f(R, T ) gravity. The better
values have obtained in model II, when a mixture of the baryonic matter and the
GCG in the high pressure regime are included. Note that, the larger constant K
becomes, the more observationally accepted values the EoS parameter gets. It
means that models I and III can still be compatible provided that constants K
and α are selected properly. However, model II can give admissible values even
for smaller values of K. There is a special case; the values of w
(eff)
0 and q0 do
not remain constant for K = 0 when m = −1 in models I and II and arbitrary
values of m for model III, (in this case we must have w
(eff)
0 = 0 and q0 = 0.5).
In all models with K = 0, CG plays the role of CDM and therefore DE is absent
in the history of the evolution of the Universe. However, in f(R, T ) gravity, the
mixture of DM and the baryonic matter can lead to the accelerated expansion.
Also, we have investigated these three Chaplygin gas models in (s, r) plane,
where s and r are the statefinder parameters. This tool would allow us to
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discriminate between different models of DE. In the statefinder diagnosis, the
difference between the predicted present values s0 and r0 of the models and
the corresponding values for ΛCDM model (which is called the distance to the
ΛCDM model) is used as a criteria for discrimination of DE models. Note that,
we have s(ΛCDM) = 0 and r(ΛCDM) = 1, which this fixed point is indicated
by a green solid box in our diagrams. We have derived these parameters for
the three models and have plotted their evolutionary trajectories for different
values of K, m, n’s and α. For the sake of clarity, we have also drawn the GR
corresponding results. In model I, the distance to the ΛCDM model becomes
shorter as compared with the same model with the GR background. Form = −1
and n(I) = 0 both statefinder parameters slightly approach to the corresponding
values for ΛCDM model, and the minimum distance achieved when bothm and
n
(I) get negative values. Moreover, we have shorter distances for larger values
of K, for all values of m and n(I). The models of class I, can be categorized in
two different subclasses based on the initial values of the statefinder parameter
s; some models have trajectories starting from s = −1/2 which correspond to
m = 0. However, trajectories of some other models start from s = +1/2 with
negative values of m. Within the models which belong to class II, there are
several possibilities that can be considered as different scenarios of DE and can
be classified in three different categories based on their values of the statefinder
parameters:
• (i) There are Chaplygin gas models that are not effectively distinguishable
from the ΛCDM model. They have |s(II) − s(ΛCDM)|, |r(II) − r(ΛCDM)| .
10−3, corresponding to α≪ 1.
• (ii) Models that have long distance from the ΛCDM model, and they
appear when n(I) < 0 and α→ 1.
• (iii) The models that can be accounted for the third category and include
large values of α. Their distance are between those of categories (i) and
(ii).
Note that, all cases with K → 1 have shorter distance than other ones. In
class III of models all trajectories start from s = 1/2 in the (s, r) plane. The
distance to the ΛCDM model is weakly affected by variation of the value α
when n(III) < 0. For n(III) = 0, the trajectories are the same as those models
of class II and belong to categories (i) and (iii). Finally, we have employed
the chi-square test to examine models I, II and III using recent observational
data. Specifically, the Union 2 sample including 557 SNIa data and 28 Hubble
parameter measurements have been used and the best fit values of the model
parameters by minimizing the so called chi-square function (it can be accounted
for as the function of all model parameters) have been obtained. We found
that in models I and II, the behavior of the modulus distance, the Hubble
parameter and the effective EoS parameter are consistent with the observations
for those best fit parameters which minimize the modulus distance chi-square.
In this case we have obtained χ
2, (I)
µ,min/d.o.f = 1.0073 and χ
2, (II)
µ,min/d.o.f = 1.0104
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which show admissible values. The best fit parameters gained from the Hubble
parameter chi-square test lead to a non-compatible value for the present effective
EoS parameter and also in this case the theoretical curve of modulus distance
does not match the observational data in both models I and II. We compared
the values of statefinder parameters which are predicted by these three models
by the observational data. It is shown that the results from the observational
constraints on the statefinder parameters are in favor of model II. We came to
conclusion that the results of performed studies in this work, for f(R, T ) gravity
with GCG in high pressure regimes can be reassuring enough to merit further
investigations.
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